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What can we observe?

In the previous lectures, we learned about the
Friedmann-Lemaı̂tre-Robertson-Walker (FLRW) models of the
expanding universe.

Those models have free parameters: H0,ΩM,ΩR,ΩΛ.

The parameters need to be fixed⇒ this specifies our world model

Also, the resulting model needs to be tested.
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Two fundamental ways of measuring distances

• Deduce distance from known length scale (e.g. parallax)

• Deduce distance from known luminosity (standard candle methods)

Both involve the geometry of space. Are they influenced by
universal expansion, as well?
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Comoving and proper distance

Recall the FRW metric:

ds2 = −dt2 + a(t)2
[

dr2

1 − Kr2 + r2dΩ

]
= −dt2 + a(t)2g̃(~x)ijdxi dxj

In this coordinate system, galaxy locations up to scale can be
described by radial coordinate values: comoving distance. Good
to keep track of where galaxies go!

“Instantaneous distances”: stop the universe and measure with a
ruler. These are the distances at a fixed time as described by the
spatial part of the metric: proper (spatial) distance
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Co-moving distances related to redshift

From FRW metric and ds2 = 0, for light propagation

∫
dt

a(t)
= ±

∫
dr

√
1 − Kr2

= ±


arcsin(r) K = +1

r K = 0
arsinh(r) K = −1

.

Consider a source at radial coordinate r(z) whose light reaches us
with redshift z:∫ t0

t(z)

dt
a(t)

=
1

a0H0

∫ 1

1/(1+z)

dx

x2
√

ΩΛ + ΩK x−2 + ΩM x−3 + ΩR x−4
.
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Co-moving distances related to redshift
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Co-moving distances related to redshift

r(z) = S
[∫ t0

t(z)

dt
a(t)

]

= S

 1
a0H0

∫ 1

1/(1+z)

dx

x2
√

ΩΛ + ΩK x−2 + ΩM x−3 + ΩR x−4


where

S[y] ≡


sin y K = +1
y K = 0
sinh y K = −1
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Proper distance related to redshift

Use
ΩK = −

K
a2

0H2
0

and sinh ix = i sin x to re-write as

dnow(z) = a0r(z)

=
1

H0
√

ΩK
· sinh

 √ΩK

1∫
1/(1+z)

dx

x2
√

ΩΛ + ΩK x−2 + ΩM x−3 + ΩR x−4


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Light travel time

Determine travel time by using earlier expression relating dt and dx
and integrating up:

t0 − t(z) =
1

H0

∫ 1

1/(1+z)

dx

x
√

ΩΛ + ΩK x−2 + ΩM x−3 + ΩR x−4
.
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Angular distance

Consider an object at redshift z with (proper) size L:

Under what angle will we see that object? Go back to FRW metric:

ds2 = −dt2 + a(t)2
[

dr2

1 − Kr2 + r2(dθ2 + sin2 θ dφ2)
]
.

We’ve seen how light with ds2 travels in the radial direction.
Consider two light rays reaching us with a (small) angular
difference α.
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Angular distance

Now consider the time t1 when the light was emitted. Use the
metric and insert the angular difference ∆θ:

ds2 = −dt2 + a(t)2
[

dr2

1 − Kr2 + r2(dθ2 + sin2 θ dφ2)
]
.

⇒ ds = a(t1)rE α = L.

Define angular distance analogously to classical geometry:

dA(z) =
L
α

= a(t1) rE(z) =
a0

1 + z
rE(z) =

dnow

1 + z

(cf. explicit formula for dnow calculated earlier).
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Introduction Distances Distance ladder Measuring expansion Age Cosmic inventory

Classical luminosity distance

Absolute luminosity L is total energy emitted by an object per
second.

Apparent luminosity (energy flux) f is the energy received per
second per unit area.

For isotropic brightness: total energy passes through sphere with
radius r, so

f =
L

4πr2 .

If L is the same for each object in a certain class, or can be
determined from observations, we have a standard candle.
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FRW luminosity distance

ds2 = −dt2 + a(t)2
[

dr2

1 − Kr2 + r2(dθ2 + sin2 θ dφ2)
]
.

Corrections to classical derivation for light emitted at time t1 by
object at redshift z:

• Energy emitted at time t1 has spread out on sphere with proper area
4πr1(z)2a2(t0) (use symmetry between the object’s and our own
position)

• Photons arrive at a lower rate, given by redshift factor
a(t1)/a0 = 1/(1 + z)

• Photon energy is E = hν; redshift reduces energy by 1/(1 + z)
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FRW luminosity distance

Result:
f =

L
4πr1(z)2a2

0(1 + z)2

Define luminosity distance by

f =
L

4πdL(z)2 ,

so
dL(z) = a0r1(z) · (1 + z) = dA(z) · (1 + z)2.
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Different notions of distance

1 redshift z — for monotonously expanding universe, good distance
measure; model-independent, can be measured directly

2 proper distance dnow — instantanous distance

3 co-moving distance r — coordinate distance, useful for tagging

4 light-travel time — the original light year

5 angular distance — ties in with observation of standard rulers

6 luminosity distance — ties in with observations of standard
candles
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Different notions of distance

From: Ned Wright’s cosmology tutorial

Observing the expanding universeMarkus Pössel & Björn Malte Schäfer
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The central problem of astronomy

The central problem of astronomy: the third dimension!

Angular distances are fairly easy
to measure precisely — up until
the late 19th century, astronomy
was positional astronomy.

Lunar and planetary parallaxes:
Cassini & Richer, 1672, Mars

Stellar parallax: Bessel 1838,
61Cyg, 11.4 ly

Image:
Small heliometer
Utzschneider & Fraunhofer 1820,
Deutsches Museum München
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Distances within our Solar System

Within our Solar System: length scale is
the astronomical unit (Kepler scaling!)

Modern determination directly with
radar distances to planets and
telemetry from planetary probes in
comparison with ephemeris data.

Arecibo observatory

Cassini mission
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Stellar parallaxes

First step: parallax measurements

Dominated by satellite missions:
Hipparcos 1989-1993, Gaia slated for
launch October 2013
(image on the right; credit: ESA)

Quantity Hipparcos Gaia
Accuracy 1 mas 20 µas (at 15 mag)
Distances to 10% 100 pc 5 kpc

Observing the expanding universeMarkus Pössel & Björn Malte Schäfer
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How far will stellar parallaxes get us?
Image: NASA/JPL-Caltech
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Other parallax measurements

• Kinematical parallax: Co-moving (e.g. open cluster) in same
direction. With proper motion and Doppler motion, reconstruct
distance.

• Statistical parallax: Group of stars with known relative distances
(e.g. at same distance). Assume that Doppler shifts and proper
motion are connected

• Cepheids pulsating: compare change in angular size
(interferometry) with change in radial velocity (Doppler), out to 400
pc or so (Lane et al. 2000, Kervella et al. 2004)

• Tracking orbits around central mass with proper motion and Doppler
shift — infer scale. Example: stars around central black hole of the
Milky Way
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Luminosity measurements: Cepheids

Henrietta Leavitt

Henrietta Leavitt
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Cepheid light curves

A&A 512, A66 (2010)

Phase
Fig. 1. R band phase light curves of the 39 Cepheids. Periods of the Cepheids are given at the top of each light curve. Phase is plotted twice and in
such a way that the minimum flux falls near to zero phase. We use GNUPLOT acsplines routine to interpolate the light curves which approximates
the data with a “natural smoothing spline”. We have not used statistical errors for the weighting and instead a constant value was used as smoothing
weights.

and amplitude of the pulsation in the R band (AR). The ob-
jects are assigned names in the format NMS-M31Vn where n
is the Cepheid sequence number and acronym NMS is used for
Nainital Microlensing Survey. Celestial coordinates are given
for J2000. Whenever any Cepheid is reported as a variable
star in the POINT-AGAPE survey catalogue (An et al. 2004,

suffixed as PA04), we give their identification number and
period in Cols. 8 and 9. If any other references are found cor-
responding to the Cepheid identified in our study (see the dis-
cussion in Sect. 6.1), we give those identifications with pre-
fixes D, J and W respectively for the DIRECT (Kaluzny et al.
1999), Joshi et al. (2003) and WeCAPP (Fliri et al. 2006), in

Page 4 of 9

Cepheid light curves — measurements show: pulsating stars (even
possible to distinguish fundamental mode and overtones!)

Figure from Joshi et al. 2010
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Cepheid period-luminosity relation

Vol. 49 213
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Fig. 3. Upper panel: V-band P–L relation of the LMC Cepheids. Darker and lighter dots indicate FU
and FO mode Cepheids, respectively. Lower panel: P–L relation for the FU Cepheids. Solid line
indicates adopted approximation (Table 2). Dark and light dots correspond to stars used and rejected
in the final fit, respectively.
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Fig. 4. Upper panel: WI index P–L relation of the LMC Cepheids. Darker and lighter dots indicate
FU and FO mode Cepheids, respectively. Lower panel: P–L relation for the FU Cepheids. Solid line
indicates adopted approximation (Table 2). Dark and light dots correspond to stars used and rejected
in the final fit, respectively.

Period-luminosity relation m = −2,76 · log(P/d) + 17,042 for Great
Magellanic Cloud

Part of Fig. 3 in Udalski 1999 in Acta Astronomica 49, 201
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Other luminosity distances

• RR Lyrae: Shorter-period variable stars (1/10 to 1 day) with
period-luminosity-relation

• Main sequence: Shape and scale given by physical quantities.
Calibrate with parallax measurements. Look at distant star clusters.
(Related: red clump stars in color-magnitude diagrams.)

• Eclipsing binary with smaller companion: Doppler shift gives
velocity; time for companion to pass primary star gives primary star
diameter; spectroscopy gives temperature; area and
Stefan-Boltzmann law give absolute luminosity
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Introduction Distances Distance ladder Measuring expansion Age Cosmic inventory

Secondary distance indicators

Relations that have been calibrated using primary indicators.
Typically on the scale of galaxies.

• Tully-Fisher relation: (empirical) relation for spiral galaxies:
widening of 21 cm line→ maximum speed of rotation→ correlated
with mass of galaxy→ correlated with absolute luminosity

• Faber-Jackson relation: dispersion of stellar velocities→ galaxy
mass (virial theorem)→ absolute luminosity

• Fundamental plane: add surface brightness to the correlation; in
this three-dimensional space, galaxies are distributed along a
two-dimensional plane (Faber-Jackson is then a projection)

• Surface brightness fluctuations: For more distant galaxies, the
Poisson fluctuation due to surface brightness being made up of
individual stars is less (smeared out)

. . . and the arguably most important one: Sn Ia!
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Supernovae of Type Ia

Standard model (there might be several): Accretion of matter onto
a White Dwarf.

Stability limit: Chandrasekhar mass at 1.44 M� – once that is
reached, thermonuclear explosion.

Characteristic light curve – dominated by radioactive decay of
Ni-56 to Co-56 to Fe-56.

Observing the expanding universeMarkus Pössel & Björn Malte Schäfer
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Light curves of Supernovae of Type Ia

clear that essentially the same physical processes are oc-
curring in all of these explosions.

The detailed uniformity of the type Ia supernovae im-
plies that they must have some common triggering mech-
anism (see the box on page 56). Equally important, this
uniformity provides standard spectral and light-curve
templates that offer the possibility of singling out those su-
pernovae that deviate slightly from the norm. The complex
natural histories of galaxies had made them difficult to
standardize. With type Ia supernovae, however, we saw
the chance to avoid such problems. We could examine the
rich stream of observational data from each individual ex-
plosion and match spectral and light-curve fingerprints to
recognize those that had the same peak brightness.

Within a few years of their classification, type Ia su-
pernovae began to bear out that expectation. First, David
Branch and coworkers at the University of Oklahoma
showed that the few type Ia outliers—those with peak
brightness significantly different from the norm—could
generally be identified and screened out.4 Either their
spectra or their “colors” (the ratios of intensity seen
through two broadband filters) deviated from the tem-
plates. The anomalously fainter supernovae were typically
redder or found in highly inclined spiral galaxies (or both).
Many of these were presumably dimmed by dust, which
absorbs more blue light than red. 

Soon after Branch’s work, Mark Phillips at the Cerro
Tololo Interamerican Observatory in Chile showed that
the type Ia brightness outliers also deviated from the tem-
plate light curve—and in a very predictable way.5 The su-
pernovae that faded faster than the norm were fainter at
their peak, and the slower ones were brighter (see figure
1). In fact, one could use the light curve’s time scale to pre-
dict peak brightness and thus slightly recalibrate each su-
pernova. But the great majority of type Ia supernovae, as
Branch’s group showed, passed the screening tests and
were, in fact, excellent standard candles that needed no
such recalibration.6

Cosmological distances
When the veteran Swiss researcher Gustav Tammann and
his student Bruno Leibengut first reported the amazing
uniformity of type Ia supernovae, there was immediate in-
terest in trying to use them to determine the Hubble con-
stant, H0, which measures the present expansion rate of
the cosmos. That could be done by finding and measuring
a few type Ia supernovae just beyond the nearest clusters
of galaxies, that is, explosions that occurred some 100 mil-
lion years ago. An even more challenging goal lay in the

tantalizing prospect that we could find such standard-
candle supernovae more than ten times farther away and
thus sample the expansion of the universe several billion
years ago. Measurements using such remote supernovae
might actually show the expected slowing of the expansion
rate by gravity. Because that deceleration rate would de-
pend on the cosmic mean mass density rm, we would, in ef-
fect, be weighing the universe.

If mass density is, as was generally supposed a decade
ago, the primary energy constituent of the universe, then
the measurement of the changing expansion rate would
also determine the curvature of space and tell us about
whether the cosmos is finite or infinite. Furthermore, the
fate of the universe might be said to hang in the balance:
If, for example, we measured a cosmic deceleration big
enough to imply a rm exceeding the “critical density” rc
(roughly 10–29 gm/cm3), that would indicate that the uni-
verse will someday stop expanding and collapse toward an
apocalyptic “Big Crunch.”

All this sounded enticing: fundamental measure-
ments made with a new distance standard bright enough
to be seen at cosmological distances. The problem was that
type Ia supernovae are a pain in the neck, to be avoided if
anything else would do. At the time, a brief catalog of rea-
sons not to pursue cosmological measurement with type Ia
supernovae might have begun like this: 
� They are rare. A typical galaxy hosts only a couple of
type Ia explosions per millennium.
� They are random, giving no advance warning of where
to look. But the scarce observing time at the world’s largest
telescopes, the only tools powerful enough to measure
these most distant supernovae adequately, is allocated on
the basis of research proposals written more than six
months in advance. Even the few successful proposals are
granted only a few nights per semester. The possible oc-

54 April 2003    Physics Today http://www.physicstoday.org
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Figure 1. Light curves of nearby, low-redshift type Ia super-
novae measured by Mario Hamuy and coworkers.7 (a) Ab-

solute magnitude, an inverse logarithmic measure of intrinsic
brightness, is plotted against time (in the star’s rest frame) be-

fore and after peak brightness. The great majority (not all of
them shown) fall neatly onto the yellow band. The figure

emphasizes the relatively rare outliers whose peak brightness
or duration differs noticeably from the norm. The nesting of

the light curves suggests that one can deduce the intrinsic
brightness of an outlier from its time scale. The brightest

supernovae wax and wane more slowly than the faintest. (b)
Simply by stretching the time scales of individual light

curves to fit the norm, and then scaling the brightness by an
amount determined by the required time stretch, one gets all

the type Ia light curves to match.5,8

und

Image: Perlmutter

2003 in Physics

Today
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Introduction Distances Distance ladder Measuring expansion Age Cosmic inventory

Tracing cosmic expansion

The old way: Recall expansion for lookback time t0 − t1 (time a
signal has travelled):

z = H0(t0 − t1) +
1
2

(q0 + 2)H2
0(t0 − t1)2 + O((t0 − t1)3)

with H0 = ȧ(t0)/a0 and q0 = −ä(t0)/(H2
0a0).

Invert to obtain

H0(t0 − t1) = z −
1
2

(q0 + 2)z2 + O(z3).
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Introduction Distances Distance ladder Measuring expansion Age Cosmic inventory

Hubble relation for the luminosity distance

Taylor-expand ∫ t0

t1

dt
a(t)

=

∫ r1

0

dr
√

1 − Kr2

as
r1 =

t0 − t1
a0

+
1
2

H0

a0
(t0 − t1)2 + . . .

to obtain proper distance

r1a0 =
1

H0

[
z −

1
2

(1 + q0)z2 + · · ·

]
and from that luminosity distance

dL(z) =
1

H0

[
z +

1
2

(1 − q0)z2 + . . .

]
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What can we measure?

• H0 sets basic cosmic time scale

• q0 gives us

q0 =
1
2

(ΩM − 2ΩΛ + 2ΩR)

• Any curvature measurement gives us

ΩΛ + ΩM + ΩR + ΩK = 1

(this will become later on with the cosmic background radiation)
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Luminosity distance-redshift relation

The modern view: Model directly with basic parameters!

dL(z) = a0(1 + z) ·S

 1
a0H0

∫ 1

1/(1+z)

dx

x2
√

ΩΛ + ΩK x−2 + ΩM x−3 + ΩR x−4


where

S[y] ≡


sin y K = +1
y K = 0
sinh y K = −1
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Hubble’s original measurements

ASTRONOMY: E. HUBBLE

corrected for solar motion. The result, 745 km./sec. for a distance of
1.4 X 106 parsecs, falls between the two previous solutions and indicates
a value for K of 530 as against the proposed value, 500 km./sec.

Secondly, the scatter of the individual nebulae can be examined by
assuming the relation between distances and velocities as previously
determined. Distances can then be calculated from the velocities cor-
rected for solar motion, and absolute magnitudes can be derived from the
apparent magnitudes. The results are given in table 2 and may be
compared with the distribution of absolute magnitudes among the nebulae
in table 1, whose distances are derived from other criteria. N. G. C. 404

o~~~~~~~~~~~~~~~~

0.

S0OKM

0

DISTANCE
0 IDPARSEC S 2 ,10 PARSECS

FIGURE 1

Velocity-Distance Relation among Extra-Galactic Nebulae.
Radial velocities, corrected for solar motion, are plotted against

distances estimated from involved stars and mean luminosities of
nebulae in a cluster. The black discs and full line represent the
solution for solar motion using the nebulae individually; the circles
and broken line represent the solution combining the nebulae into
groups; the cross represents the mean velocity corresponding to
the mean distance of 22 nebulae whose distances could not be esti-
mated individually.

can be excluded, since the observed velocity is so small that the peculiar
motion must be large in comparison with the distance effect. The object
is not necessarily an exception, however, since a distance can be assigned
for which the peculiar motion and the absolute magnitude are both within
the range previously determined. The two mean magnitudes, - 15.3
and - 15.5, the ranges, 4.9 and 5.0 mag., and the frequency distributions
are closely similar for these two entirely independent sets of data; and
even the slight difference in mean magnitudes can be attributed to the
selected, very bright, nebulae in the Virgo Cluster. This entirely unforced
agreement supports the validity of the velocity-distance relation in a very

PRoc. N. A. S.172

Hubble 1929: “A Relation between Distance and Radial Velocity among

Extra-Galactic Nebulae” in PNAS 15(3), S. 168ff.
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HST Key Project results
62 FREEDMAN ET AL. Vol. 553

FIG. 4.ÈTop : Hubble diagram of distance vs. velocity for secondary
distance indicators calibrated by Cepheids. Velocities in this plot are cor-
rected for the nearby Ñow model of Mould et al. (2000a). Squares : Type Ia
supernovae ; Ðlled circles : Tully-Fisher clusters (I-band observations) ; tri-
angles : fundamental plane clusters ; diamonds : surface brightness Ñuctua-
tion galaxies ; open squares : Type II supernovae. A slope of isH0\ 72
shown, Ñanked by ^10% lines. Beyond 5000 km s~1 (vertical line), both
numerical simulations and observations suggest that the e†ects of peculiar
motions are small. The Type Ia supernovae extend to about 30,000 km s~1,
and the Tully-Fisher and fundamental plane clusters extend to velocities of
about 9000 and 15,000 km s~1, respectively. However, the current limit for
surface brightness Ñuctuations is about 5000 km s~1. Bottom : Value of H0as a function of distance.

^ 7 km s~1 Mpc~1. The random uncertainty is deÐned at
the ^34% points of the cumulative distribution. The sys-
tematic uncertainty is discussed below. For our Bayesian
analysis, we assume that the priors on and on the prob-H0ability of any single measurement being correct are uniform
and compute the project of the probability distributions. In
this case, we Ðnd km s~1 Mpc~1. TheH0\ 72 ^ 2^ 7
formal uncertainty on this result is very small, and simply
reÑects the fact that four of the values are clustered very
closely, while the uncertainties in the FP method are large.
Adjusting for the di†erences in calibration, these results are
also in excellent agreement with the weighting based on
numerical simulations of the errors by Mould et al. (2000a),
which yielded 71^ 6 km s~1 Mpc~1, similar to an earlier
frequentist and Bayesian analysis of Key Project data
(Madore et al. 1999) giving km s~1H0\ 72 ^ 5^ 7
Mpc~1, based on a smaller subset of available Cepheid
calibrators.

As is evident from Figure 3, the value of based on theH0fundamental plane is an outlier. However, both the random
and systematic errors for this method are larger than for the
other methods, and hence the contribution to the combined
value of is relatively low, whether the results areH0weighted by the random or systematic errors. We recall also
from Table 1 and ° 6 that the calibration of the fundamental
plane currently rests on the distances to only three clusters.
If we weight the fundamental-plane results factoring in the
small number of calibrators and the observed variance of
this method, then the fundamental plane has a weight that

ranges from 5 to 8 times smaller than any of the other four
methods, and results in a combined, metallicity-corrected
value for of 71^ 4 (random) km s~1 Mpc~1.H0Figure 4 displays the results graphically in a composite
Hubble diagram of velocity versus distance for Type Ia
supernovae ( Ðlled squares), the Tully-Fisher relation ( Ðlled
circles), surface-brightness Ñuctuations ( Ðlled diamonds), the
fundamental plane ( Ðlled triangles), and Type II supernovae
(open squares). In the bottom panel, the values of areH0shown as a function of distance. The Cepheid distances have
been corrected for metallicity, as given in Table 4. The
Hubble line plotted in this Ðgure has a slope of 72 km s~1
Mpc~1, and the adopted distance to the LMC is taken to be
50 kpc.

8. OVERALL SYSTEMATIC UNCERTAINTIES

There are a number of systematic uncertainties that a†ect
the determination of for all the relative distance indica-H0tors discussed in the previous sections. These errors di†er
from the statistical and systematic errors associated with
each of the individual secondary methods, and they cannot
be reduced by simply combining the results from di†erent
methods. SigniÐcant sources of overall systematic error
include the uncertainty in the zero point of the Cepheid PL
relation, the e†ect of reddening and metallicity on the
observed PL relations, the e†ects of incompleteness bias
and crowding on the Cepheid distances, and velocity per-
turbations about the Hubble Ñow on scales comparable to,
or larger than, the volumes being sampled. Since the overall
accuracy in the determination of is constrained by theseH0factors, we discuss each one of these e†ects in turn below.
For readers who may wish to skip the details of this part of
the discussion, we refer them directly to ° 8.7 for a summary.

8.1. Zero Point of the PL Relation
It has become standard for extragalactic Cepheid dis-

tance determinations to use the slopes of the LMC period-
luminosity relations as Ðducial, with the zero point of the
Cepheid period-luminosity relation tied to the LMC at an
adopted distance modulus of 18.50 mag (e.g., Freedman
1988). However, over the past decade, even with more accu-
rate and sensitive detectors, with many new methods for
measuring distances, and with many individuals involved in
this e†ort, the full range of the most of distance moduli to
the LMC remains at approximately 18.1È18.7 mag (e.g.,
Westerlund 1997 ; Walker 1999 ; Freedman 2000a ; Gibson
2000), corresponding to a range of 42È55 kpc.

For the purposes of the present discussion, we can
compare our adopted LMC zero point with other published
values. We show in Figure 5 published LMC distance
moduli expressed as probability density distributions, pri-
marily for the period 1998È1999, as compiled by Gibson
(2000). Only the single most recent revision from a given
author and method is plotted. Each determination is rep-
resented by a Gaussian of unit area, with dispersions given
by the published errors. To facilitate viewing the individual
distributions (Fig. 5, light dotted lines), these have been
scaled up by a factor of 3. The thicker solid line shows the
cumulative distribution.

It is clear from the wide range of moduli compared to the
quoted internal errors in Figure 5 that systematic errors
a†ecting individual methods are still dominating the deter-
minations of LMC distances. Some of the values at either
end of the distribution have error bars that do not overlap

From Freedman 2001 et al. (HST Key Project)
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Introduction Distances Distance ladder Measuring expansion Age Cosmic inventory

Putting it all (almost) together 15
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Figure 4. Hubble diagram for the Union2.1 compilation. The solid linerepresents the best-fit cosmology for a flatΛCDM Universe for supernovae alone.
SN SCP06U4 falls outside the allowedx1 range and is excluded from the current analysis. When fit witha newer version of SALT2, this supernova passes the
cut and would be included, so we plot it on the Hubble diagram,but with a red triangle symbol.

Table 4
Assumed instrumental uncertainties for SNe in this paper.

Source Band Uncertainty Reference

HST WFPC2 0.02 Heyer et al. (2004)
ACS F850LP 0.01 Bohlin (2007)
ACS F775W 0.01
ACS F606W 0.01
ACS F850LP 94Å Bohlin (2007)
ACS F775W 57Å
ACS F606W 27Å
NICMOS J 0.024 Ripoche et. al. (in prep), Section 3.2.1
NICMOS H 0.06 de Jong et al. (2006)

SNLS g, r, i 0.01 Astier et al. (2006)
z 0.03

ESSENCE R, I 0.014 Wood-Vasey et al. (2007)
SDSS u 0.014 Kessler et al. (2009)

g, r, i 0.009
z 0.010

SCP: Amanullah et al. (2010) R, I 0.03 Amanullah et al. (2010)
J 0.02

Other U -band 0.04 Hicken et al. (2009a)
Other Band 0.02 Hicken et al. (2009a)

Image: Suzuki et al. 2011
Observing the expanding universeMarkus Pössel & Björn Malte Schäfer
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The high-z regime
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Reconstructing cosmic history

cosmological models, the expansion history of the cosmos
is determined entirely by its mass density. The greater the
density, the more the expansion is slowed by gravity. Thus,
in the past, a high-mass-density universe would have been
expanding much faster than it does today. So one should-
n’t have to look far back in time to especially distant (faint)
supernovae to find a given integrated expansion (redshift). 

Conversely, in a low-mass-density universe one would
have to look farther back. But there is a limit to how low
the mean mass density could be. After all, we are here, and
the stars and galaxies are here. All that mass surely puts
a lower limit on how far—that is, to what level of faint-
ness—we must look to find a given redshift. The high-
redshift supernovae in figure 3 are, however, fainter than
would be expected even for an empty cosmos.

If these data are correct, the obvious implication is
that the simplest cosmological model must be too simple.
The next simplest model might be one that Einstein en-
tertained for a time. Believing the universe to be static, he
tentatively introduced into the equations of general rela-
tivity an expansionary term he called the “cosmological
constant” (L) that would compete against gravitational col-
lapse. After Hubble’s discovery of the cosmic expansion,
Einstein famously rejected L as his “greatest blunder.” In
later years, L came to be identified with the zero-point
vacuum energy of all quantum fields.

It turns out that invoking a cosmological constant al-
lows us to fit the supernova data quite well. (Perhaps there
was more insight in Einstein’s blunder than in the best ef-
forts of ordinary mortals.) In 1995, my SCP colleague Ariel
Goobar and I had found that, with a sample of type Ia su-
pernovae spread over a sufficiently wide range of dis-
tances, it would be possible to separate out the competing
effects of the mean mass density and the vacuum-energy
density.14

The best fit to the 1998 supernova data (see figures 3
and 4) implies that, in the present epoch, the vacuum en-
ergy density rL is larger than the energy density attribut-
able to mass (rmc2). Therefore, the cosmic expansion is now
accelerating. If the universe has no large-scale curvature,

as the recent measurements of the cosmic microwave back-
ground strongly indicate, we can say quantitatively that
about 70% of the total energy density is vacuum energy
and 30% is mass. In units of the critical density rc, one
usually writes this result as

WL � rL/rc � 0.7 and Wm � rm/rc � 0.3.

Why not a cosmological constant?
The story might stop right here with a happy ending—a
complete physics model of the cosmic expansion—were it
not for a chorus of complaints from the particle theorists.
The standard model of particle physics has no natural
place for a vacuum energy density of the modest magni-
tude required by the astrophysical data. The simplest es-
timates would predict a vacuum energy 10120 times greater.
(In supersymmetric models, it’s “only” 1055 times greater.)
So enormous a L would have engendered an acceleration
so rapid that stars and galaxies could never have formed.
Therefore it has long been assumed that there must be
some underlying symmetry that precisely cancels the vac-
uum energy. Now, however, the supernova data appear to
require that such a cancellation would have to leave a re-
mainder of about one part in 10120. That degree of fine tun-
ing is most unappealing.

The cosmological constant model requires yet another
fine tuning. In the cosmic expansion, mass density be-
comes ever more dilute. Since the end of inflation, it has
fallen by very many orders of magnitude. But the vacuum
energy density rL, a property of empty space itself, stays
constant. It seems a remarkable and implausible coinci-
dence that the mass density, just in the present epoch, is
within a factor of 2 of the vacuum energy density.

Given these two fine-tuning coincidences, it seems
likely that the standard model is missing some funda-
mental physics. Perhaps we need some new kind of accel-
erating energy—a “dark energy” that, unlike L, is not con-
stant. Borrowing from the example of the putative
“inflaton” field that is thought to have triggered inflation,
theorists are proposing dynamical scalar-field models and
other even more exotic alternatives to a cosmological con-

http://www.physicstoday.org April 2003    Physics Today 57
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Figure 4. The history of cosmic 
expansion, as measured by the
high-redshift supernovae (the black
data points), assuming flat cosmic
geometry. The scale factor R of the
universe is taken to be 1 at pres-
ent, so it equals 1/(1 + z). The
curves in the blue shaded region
represent cosmological models in
which the accelerating effect of
vacuum energy eventually over-
comes the decelerating effect of
the mass density. These curves as-
sume vacuum energy densities
ranging from 0.95 rc (top curve)
down to 0.4 rc. In the yellow
shaded region, the curves repre-
sent models in which the cosmic
expansion is always decelerating
due to high mass density. They as-
sume mass densities ranging (left to
right) from 0.8 rc up to 1.4 rc. In
fact, for the last two curves, the ex-
pansion eventually halts and re-
verses into a cosmic collapse.

Perlmutter, Physics Today 2003
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Supernova Cosmology Project Plot

Suzuki et al. 2011
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How to tell expansion from tired light?

• Test dL(z)/dA(z) = (1 + z)2: Tolman’s surface brightness test (Lubin
and Sandage 2001; complicated by galaxy evolution)

• Time dilation in supernova light-curves (Leibundgut et al. 1996):

more importance to brighter peak magnitudes and larger
uncertainties to the fainter parts of the light curve. This is the
reason for the higher x2 of this fit and the much shallower
minimum in the x2 distribution. This method also indicates a
solution for b 5 1.020.25

10.5 and also clearly excludes small values
of b.
In a static universe, time dilation is not expected to act on

the light curve. Redshift in this case is caused by tired light or
an equivalent theory (e.g., the variable mass hypothesis;
Narlikar & Arp 1993) and is linked to distance through
analyses such as the expanding photospheres in Type II
supernovae (Schmidt et al. 1994) and gravitational lenses (Dar
1991). Another manifestation is the redshift–apparent magni-
tude diagram of brightest cluster galaxies (see, e.g., Postman &
Lauer 1995) and SN Ia’s. The small scatter in the Hubble
diagram of Hamuy et al. (1995) supports this redshift-distance
relation. Table 2 lists the fit parameters for the nondilated
light-curve shapes. The global x2 values clearly exclude these
fits. None of the known light curves of local SN Ia’s is slow
enough to match the photometry of SN 1995K (Fig. 2). In
particular, the maximum magnitude is far from the observed
one because of the attempt of the fits to match the premaxi-
mum point. The formal errors of the fit parameters are not
valid, as can be judged from large x2 .
If we take a static universe literally, then SN 1995K was

observed at an earlier phase (16 days before maximum) than
any nearby supernova. In that case, we are depending on
extrapolated premaximum points in the template light curves,
which may not be correct. Therefore, we have removed the
premaximum point from the SN 1995K photometry and
compared it again with light curves of local SN Ia’s. The
quality of the fits improves dramatically (Fig. 2). The maxi-
mum date and magnitude agree much better with the obser-
vations. Slower light curves are clearly favored in this picture.
Nevertheless, even the slowest local templates are qualitatively
worse than dilated light curves; the evolution of SN 1995K was
considerably slower than any of the comparison curves.

3. DISCUSSION

Figure 2 shows the rest-frame B light curve of SN 1995K
compared to the best fits of light curves stretched by the
expected factor (1 1 z) for universal expansion and for non-
dilated templates. Two fits for the nondilated case are shown
that emphasize the importance of the premaximum observa-
tion. The figure demonstrates that without time dilation
effects, SN 1995K must be a unique event unrelated to the
observational data of local SN Ia’s. When we assume universal
expansion, SN 1995K appears as a rather normal SN Ia. The
spectrum shows great similarities to local events that are
regarded as nonpeculiar, the color at maximum (0.0 ,
B 2 V , 0.1) is similar to unreddened nearby SN Ia’s, indi-
cating little if any absorption, and the luminosity is in the range
expected from expanding cosmologies (Schmidt et al. 1996).
The light curve in itself indicates a redshift that is close to the
spectroscopic redshift. Complicating the analysis is the variety
of light-curve shapes observed for nearby SN Ia’s. This effect
has been interpreted as an apparent stretching of an underly-
ing basic template (Perlmutter et al. 1996). However, we know
from detailed analysis that the light-curve behavior is more
complicated (Riess et al. 1995a). The data of SN 1995K,
unfortunately, cannot distinguish which local supernova pro-
vides the best match. We find the formally best fits to indicate
a slightly lower redshift or, equivalently, a slightly retarded
cosmological expansion. All fits are determined very strongly
by the premaximum observation and the latest data points.
This highlights the importance for extended coverage of SN Ia
events to perform this time dilation test. In addition, the
photometric accuracy of the data critically determines the
goodness of the fits.
In a static universe, the Hubble constant is time indepen-

dent and just measures the redshift-distance proportionality.
For a conventional Hubble constant of H0 5 50 km s21 Mpc21 ,
one unit in redshift corresponds to 6000 Mpc. The same
number for H0 5 80 km s21 Mpc21 is 3750 Mpc. The luminos-
ity of SN 1995K in such a static universe is MB 5 219.3 1
5 log (H /50). Our best estimate for the absolute magnitude
that SN 1995K should have when we use the decline rate
relation of Hamuy et al. (1995), however, is MB 5 220.4 H
0.2 1 5 log (H /50), with Dm15 2 0.5 and the most conserva-
tive estimate of the decline-luminosity relation (eq. [11] of
Hamuy et al. 1995). This means SN 1995K should be about
1 mag more luminous than what would be observed in a static
universe model. Note that the extrapolation goes well beyond
the set of objects on which the method is based (0.8 , Dm15
, 1.5). Even compared to the average absolute magnitude
of local supernovae [MB 5 219.7 H 0.25 1 5 log (H /50)],
SN 1995K appears underluminous. In a static universe, SN

TABLE 2

FIT PARAMETERS FOR NONDILATED LIGHT CURVES ( z 5 0)

Comparison Template tmaxB a s(tmaxB ) Bmax s(Bmax) Vmax s(Vmax) x2 b

Average template . . . . . . . 799.1 0.5 22.27 0.06 22.54 0.05 137.7
SN 1990N. . . . . . . . . . . . . . . . 798.9 0.5 22.32 0.06 22.54 0.05 129.0
SN 1991T . . . . . . . . . . . . . . . . 799.4 0.6 22.38 0.06 22.58 0.05 90.1
SN 1992bc . . . . . . . . . . . . . . . 797.5 0.5 22.36 0.05 22.39 0.05 74.7

a JD 22,449,000.
b Degrees of freedom: 21.

FIG. 2.—Comparison of the SN 1995K photometry with B light curves of
local supernovae. The lines correspond to the best fits assuming a (1 1 z)
stretching as expected from universal expansion. The short-dashed lines
represent the best fit of nondilated light curves to the data, and the long-dashed
lines are the best fits excluding the premaximum observation of SN 1995K.

No. 1, 1996 SN 1995K L23
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Tracing expansion by numbers

Apparent magnitudes for galaxies (careful with evolution effects):

Observing the expanding universeMarkus Pössel & Björn Malte Schäfer
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Tracing expansion by numbers

Fukugita et al. 1990:
Number counts of faint
galaxies; simple evolution
model with parameters
included. Hints of
0.5 > ΩΛ > 1.
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Age determinations

Trivially, nothing in the universe can be older than the universe
itself.

(There was a time when that appeared to be a problem!)

First possibility: Radioactive dating. Some half-life values:

235U 7 · 108 a
232Th 1.4 · 1010 a

⇒ Heavy elements formed in the r-process (rapid addition of
neutrons) in core-collapse supernovae (some modelling involved!)

Observing the expanding universeMarkus Pössel & Björn Malte Schäfer
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HE 1523-0903

Example for very old, metal-poor star (Frebel, Christlieb et al.
2007): U- and Th- dated to 13.2 Gyr!

No. 2, 2007 U INr-PROCESS–ENHANCED STAR HE 1523�0901 L119

Fig. 2.—Spectral region around the Uii line in HE 1523�0901 (filled circles) and CS 31082-001 (crosses; right panel only). Overplotted are synthetic spectra with
different U abundances of p none,�1.96,�2.06, and�2.16 (HE 1523�0901) and p none,�2.05,�2.15, and�2.25 (CS 31082-001). The dottedlog e(U) log e(U)
line in the left panel corresponds to a scaled solarr-process U abundance present in the star if no U had decayed. Positions of other features are indicated.

TABLE 1
Ages Derived from Different Abundance Ratios

X/Y alog (PR) Ref. loge(X/Y)obs

Age
(Gyr)

Uncertaintiesb

(Gyr)

Th/Eu . . . . . . �0.377 1 �0.58 9.5 3.3/3.4/0.6/0.6/5.6
�0.33 2 �0.58 11.7 3.3/3.3/0.5/0.5/5.6
�0.295 3 �0.58 13.3 3.3/3.0/0.2/0.2/5.6

Th/Os . . . . . . �1.15 2 �1.38 10.7 3.3/2.8/5.6/0.0/5.6
Th/Ir . . . . . . . �1.18 2 �1.44 12.1 3.3/1.9/2.8/1.4/5.6

�1.058 1 �1.44 17.8 3.3/2.0/2.9/1.5/5.6
U/Eu . . . . . . . �0.55 2 �1.44 13.2 1.9/0.6/0.4/0.2/1.6
U/Os . . . . . . . �1.37 2 �2.24 12.9 1.9/0.6/1.2/0.3/1.6
U/Ir . . . . . . . . �1.40 2 �2.30 13.3 1.9/0.3/0.3/0.7/1.6

�1.298 3 �2.30 14.8 1.9/0.3/0.3/0.8/1.6
U/Th . . . . . . . �0.301 4 �0.86 12.2 2.8/0.4/0.9/0.4/2.2

�0.29 5 �0.86 12.4 2.8/0.4/0.9/0.4/2.2
�0.256 3 �0.86 13.1 2.8/0.5/1.0/0.5/2.2
�0.243 6 �0.86 13.4 2.8/0.4/0.8/0.4/2.2
�0.22 2 �0.86 13.9 2.8/0.4/0.9/0.4/2.2

References.—(1) Sneden et al. 2003; (2) Schatz et al. 2002; (3) Cowan et
al. 2002; (4) Goriely & Arnould 2001; (5) Wanajo et al. 2002; (6) Dauphas 2005.

a Initial production ratio.
b Age uncertainties arising from uncertainties in observed measurements/

Teff / / /PR.log g vmicr

abundance analysis will be given elsewhere (A. Frebel et al.
2007, in preparation).

To test our derived abundances, we measured Thii l 4019
and the U features in the spectrum of CS 31082-001 that was
used by Hill et al. (2002). Figure 2 shows the U region for CS
31082-001 (crosses). Despite differences in the employed
model atmospheres, we obtain a ratio of�0.93log e(U/Th)
for CS 31082-001. This is in very good agreement with the
published value of�0.89, as derived from these two lines.

We estimate a fitting uncertainty of 0.05 dex for the Eu, Os,
Ir, and Th abundances. The U abundance is driven by the fit
of the Fe line close to the U line. Changing the C abundance
by �0.1 dex results in only a�0.02 dex different U abundance.
Changing the Fe abundance by�0.1 dex changes the U abun-
dance by�0.12. We adopt a 0.12 dex uncertainty for U.

5. NUCLEOCHRONOMETRY

There are three types of chronometers that involve the abun-
dances of Th, U, and naturally occurringr-process elements
(Cayrel et al. 2001). The subscript “initial” refers to the initial

production ratio (PR), while the subscript “now” refers to the
observed value:

1. ;Dt p 46.7[log (Th/r) � log e(Th/r) ]initial now

2. ;Dt p 14.8[log (U/r) � log e(U/r) ]initial now

3. .Dt p 21.8[log (U/Th) � log e(U/Th) ]initial now

Using several different chronometers and PRs, we derive a set
of ages for HE 1523�0901. The results are given in Table 1.
Where available, we list several PRs for each chronometer to
illustrate the available range and the subsequent spread in the
derived ages. We take the weighted average of all the individual
ages to derive a final age of 13.2 Gyr for HE 1523�0910.

Forming an average based on weights obtained from the
uncorrelated observational uncertainties is an arbitrary choice
that only minimizes the observational (statistical) uncertainties
but not necessarily the systematic uncertainties. Using different
weights, for example by omitting the Th/r ratios, would lead
to slightly larger observational, but smaller systematic, uncer-
tainties. A weighted observational uncertainty in the abundance
ratios arising from the fitting procedure results in an 0.7 Gyr
weighted uncertainty for the final age. This value is driven by
the uncertainty of the uranium abundance measurement.

We also investigate the influence of variations of model atmo-
sphere parameters ( , , ) on the stellar age. AddingT log g veff micr

these three age uncertainties in quadrature yields a 1.5 Gyr
weighted uncertainty in the final age. Any correlations of the
different chronometers are thus automatically taken into account.
To obtain an age uncertainty arising from the uncertainties in
the PRs, we calculate (with ,2jt p � (w jt )/ � w w p 1/ji i i i ii i

where is the age uncertainty from the different PRs andjt ji i

the one from the observational uncertainty) as an upper bound,
assuming the worst possible correlation(s) of the uncertainties
in the PRs. We thus derive a 2.7 Gyr weighted uncertainty in
the final age. For the calculation of the PR uncertainties, we
followed Schatz et al. (2002), who list overall systematic un-
certainties for all three types of chronometers. In Table 1, we
list the five age uncertainties for all chronometers.

Due to the much shorter half-life of U, uncertainties in ages
derived from chronometers U/r are significantly smaller than for
those derived from Th/r. Excluding the Th/r chronometers yields
a weighted average of 13.4 Gyr. The observational uncertainty
then becomes 0.8 Gyr, and the combined model atmosphere un-
certainty is 0.9 Gyr, while the PR uncertainty is much reduced to
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Stellar ages

Model for stellar evolution:
stars move in the
Hertzsprung-Russell
diagram (color-magnitude
diagram) as they evolve.

Lifetime τ ∼ L−2/3, L ∼ M3

and τ ∼ T−1.

Oldest globular clusters
give 13.2 ± 2 Gyr
(Carretta et al. 2000).
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Fig. 1. A color-magnitude diagram of a typical globular cluster, M15 [10]. The
vertical axis plots the magnitude (luminosity) of the stars in the V wavelength
region, with brighter stars having smaller magnitudes. The horizontal axis plots the
color (surface temperature) of the stars, with cooler stars towards the right. All of
the stars in a globular cluster have the same age and chemical composition. Their
location in the color-magnitude diagram is determined by their mass. Higher mass
stars have shorter lifetimes and evolve more quickly than low mass stars. The various
evolutionary sequence have been labeled. Most stars are on the main sequence (MS),
fusing hydrogen into helium in their cores (for clarity, only about 10% of the stars on
the MS have been plotted). Slighter higher mass stars have exhausted their supply
of hydrogen in the core, and are in the main sequence turn-off region (MSTO).
After the MSTO, the stars quickly expand, become brighter and are referred to as
red giant branch stars (RGB). These stars are burning hydrogen in a shell about a
helium core. Still higher mass stars have developed a helium core which is so hot
and dense that helium fusion is ignited. This evolutionary phase is referred to as
the horizontal branch (HB). Some stars on the horizontal branch are unstable to
radial pulsations. These radially pulsating variable stars are called RR Lyrae stars,
and are important distance indicators.

can be important in a star, one must have a theory of convection which deter-
mines when a region of a star is unstable to convective motions, and if so, the
efficiency of the resulting heat transport. Once all of the above information
has been determined a stellar model may be constructed. The evolution of a
star may be followed by computing a static stellar structure model, updating
the composition profile to reflect the changes due to nuclear reactions and/or
mixing due to convection, and then re-computing the stellar structure model.

There are a number of uncertainties associated with stellar evolution models,

4
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Introduction Distances Distance ladder Measuring expansion Age Cosmic inventory

Observing the expanding universeMarkus Pössel & Björn Malte Schäfer
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Cosmic inventory: Small scales

All numbers are fractions of the critical density ρc0. Numbers from
Fukugita & Peebles 2004.
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Cosmic inventory: Medium scales
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Cosmic inventory: Large scales
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Estimating ΩM

• Virial theorem to measure galaxy cluster mass; derive mass-to-light
ratio; from total luminosity: ΩM ≈ 0.3 (e.g. Yasuda et al. 2004)

• Warm plasma: difficult to detect (not accessible via X-rays); mainly
used to balance the budget

• Later on, CMB and weak lensing will also have something to say

Intriguingly, much of ΩM seems to be in some form other than
ordinary (baryonic) matter!
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Dark matter

• no electromagnetic interaction, just gravitational

• first postulated by Fritz Zwicky to explain motion within galaxy
clusters (virial theorem)

• direct detection experiments: inconclusive, but promising

• WIMPs: particles based on supersymmetric extensions?⇒ LHC

• so far, we did not differentiate ΩM into dark and luminous matter, but
this will become important in the early universe
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Dark matter: Rotation curves

Deviation from Kepler potential as generated by visible
contributions to mass (here van Albada et al. 1985):
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Dark matter: Lensing & Collisions

Bullet Cluster (NASA/CXC/M. Weiss): Tracing dark matter with
gravitational lensing
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Next stop: the early universe

. . . with sundry additional possibilities for parameter determination
and consistency checks.
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