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Intro Observational facts Model-building General relativity FLRW metric

Building the biggest model of all

• Physicists always build models

• Model: simplified representations of some part of reality, capturing
essential aspects

• Model simplifications: Spatial restriction; sub-structure neglected
(e.g. continuum mechanics)

• How can one model the whole universe?

• Apparently, that depends on the universe: some are modelable,
some not.

• . . . so what are the properties of our universe?
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Free lines-of-sight!

Imagine a:

• planet in a dust envelope

• Solar system in a dust envelope

• Solar system in a dense globular cluster

• . . .

⇒ we can hope to make statements about the universe as a whole
because we can see to great distances!
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Free lines-of-sight!

Hubble Deep Field

Lookback time
> 12 Gyr

Credit: R. Williams
(STScI), the Hubble
Deep Field Team
and NASA
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Olbers’ paradox (1823)

Heinrich Wilhelm Matthias Olbers (1758-1840):

The universe cannot be infinite and stationary

If it were: Every line-of-sight would end in a star;
constant surface as luminosity goes with 1/r2 but
angular area with r2.

(Dust/absorption? If stationary, thermal
equilibrium would give dust the same surface
brightness!)

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Large-scale homogeneity/isotropy vs. structure

Stellar densities ∼ 103 kg/m3 on scales of 106 m

vs.

Interstellar medium, density ∼ 10−21 kg/m3,
average interstellar distances 1016 . . . 1017 m
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Large-scale homogeneity/isotropy vs. structure

Galactic densities (including DM) ∼ 10−24 kg/m3

on scales of 1022 m (including halo)
(after arXiv:0801.1232v5 p. 16 - virial radius)

vs.

Intergalactic density (gas + DM) ∼ 10−27 kg/m3,
intergalactic distances 1022 . . . 1023 m
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Large-scale homogeneity/isotropy vs. structure

2dF galaxy survey (but: we’re getting ahead
of ourselves; distances measured via redshift)

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Systematic redshift-distance relations

ASTRONOMY: E. HUBBLE

corrected for solar motion. The result, 745 km./sec. for a distance of
1.4 X 106 parsecs, falls between the two previous solutions and indicates
a value for K of 530 as against the proposed value, 500 km./sec.

Secondly, the scatter of the individual nebulae can be examined by
assuming the relation between distances and velocities as previously
determined. Distances can then be calculated from the velocities cor-
rected for solar motion, and absolute magnitudes can be derived from the
apparent magnitudes. The results are given in table 2 and may be
compared with the distribution of absolute magnitudes among the nebulae
in table 1, whose distances are derived from other criteria. N. G. C. 404
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FIGURE 1

Velocity-Distance Relation among Extra-Galactic Nebulae.
Radial velocities, corrected for solar motion, are plotted against

distances estimated from involved stars and mean luminosities of
nebulae in a cluster. The black discs and full line represent the
solution for solar motion using the nebulae individually; the circles
and broken line represent the solution combining the nebulae into
groups; the cross represents the mean velocity corresponding to
the mean distance of 22 nebulae whose distances could not be esti-
mated individually.

can be excluded, since the observed velocity is so small that the peculiar
motion must be large in comparison with the distance effect. The object
is not necessarily an exception, however, since a distance can be assigned
for which the peculiar motion and the absolute magnitude are both within
the range previously determined. The two mean magnitudes, - 15.3
and - 15.5, the ranges, 4.9 and 5.0 mag., and the frequency distributions
are closely similar for these two entirely independent sets of data; and
even the slight difference in mean magnitudes can be attributed to the
selected, very bright, nebulae in the Virgo Cluster. This entirely unforced
agreement supports the validity of the velocity-distance relation in a very

PRoc. N. A. S.172

Hubble 1929: “A Relation between Distance and Radial Velocity among

Extra-Galactic Nebulae” in PNAS 15(3), S. 168ff.
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HST Key Project results
62 FREEDMAN ET AL. Vol. 553

FIG. 4.ÈTop : Hubble diagram of distance vs. velocity for secondary
distance indicators calibrated by Cepheids. Velocities in this plot are cor-
rected for the nearby Ñow model of Mould et al. (2000a). Squares : Type Ia
supernovae ; Ðlled circles : Tully-Fisher clusters (I-band observations) ; tri-
angles : fundamental plane clusters ; diamonds : surface brightness Ñuctua-
tion galaxies ; open squares : Type II supernovae. A slope of isH0\ 72
shown, Ñanked by ^10% lines. Beyond 5000 km s~1 (vertical line), both
numerical simulations and observations suggest that the e†ects of peculiar
motions are small. The Type Ia supernovae extend to about 30,000 km s~1,
and the Tully-Fisher and fundamental plane clusters extend to velocities of
about 9000 and 15,000 km s~1, respectively. However, the current limit for
surface brightness Ñuctuations is about 5000 km s~1. Bottom : Value of H0as a function of distance.

^ 7 km s~1 Mpc~1. The random uncertainty is deÐned at
the ^34% points of the cumulative distribution. The sys-
tematic uncertainty is discussed below. For our Bayesian
analysis, we assume that the priors on and on the prob-H0ability of any single measurement being correct are uniform
and compute the project of the probability distributions. In
this case, we Ðnd km s~1 Mpc~1. TheH0\ 72 ^ 2^ 7
formal uncertainty on this result is very small, and simply
reÑects the fact that four of the values are clustered very
closely, while the uncertainties in the FP method are large.
Adjusting for the di†erences in calibration, these results are
also in excellent agreement with the weighting based on
numerical simulations of the errors by Mould et al. (2000a),
which yielded 71^ 6 km s~1 Mpc~1, similar to an earlier
frequentist and Bayesian analysis of Key Project data
(Madore et al. 1999) giving km s~1H0\ 72 ^ 5^ 7
Mpc~1, based on a smaller subset of available Cepheid
calibrators.

As is evident from Figure 3, the value of based on theH0fundamental plane is an outlier. However, both the random
and systematic errors for this method are larger than for the
other methods, and hence the contribution to the combined
value of is relatively low, whether the results areH0weighted by the random or systematic errors. We recall also
from Table 1 and ° 6 that the calibration of the fundamental
plane currently rests on the distances to only three clusters.
If we weight the fundamental-plane results factoring in the
small number of calibrators and the observed variance of
this method, then the fundamental plane has a weight that

ranges from 5 to 8 times smaller than any of the other four
methods, and results in a combined, metallicity-corrected
value for of 71^ 4 (random) km s~1 Mpc~1.H0Figure 4 displays the results graphically in a composite
Hubble diagram of velocity versus distance for Type Ia
supernovae ( Ðlled squares), the Tully-Fisher relation ( Ðlled
circles), surface-brightness Ñuctuations ( Ðlled diamonds), the
fundamental plane ( Ðlled triangles), and Type II supernovae
(open squares). In the bottom panel, the values of areH0shown as a function of distance. The Cepheid distances have
been corrected for metallicity, as given in Table 4. The
Hubble line plotted in this Ðgure has a slope of 72 km s~1
Mpc~1, and the adopted distance to the LMC is taken to be
50 kpc.

8. OVERALL SYSTEMATIC UNCERTAINTIES

There are a number of systematic uncertainties that a†ect
the determination of for all the relative distance indica-H0tors discussed in the previous sections. These errors di†er
from the statistical and systematic errors associated with
each of the individual secondary methods, and they cannot
be reduced by simply combining the results from di†erent
methods. SigniÐcant sources of overall systematic error
include the uncertainty in the zero point of the Cepheid PL
relation, the e†ect of reddening and metallicity on the
observed PL relations, the e†ects of incompleteness bias
and crowding on the Cepheid distances, and velocity per-
turbations about the Hubble Ñow on scales comparable to,
or larger than, the volumes being sampled. Since the overall
accuracy in the determination of is constrained by theseH0factors, we discuss each one of these e†ects in turn below.
For readers who may wish to skip the details of this part of
the discussion, we refer them directly to ° 8.7 for a summary.

8.1. Zero Point of the PL Relation
It has become standard for extragalactic Cepheid dis-

tance determinations to use the slopes of the LMC period-
luminosity relations as Ðducial, with the zero point of the
Cepheid period-luminosity relation tied to the LMC at an
adopted distance modulus of 18.50 mag (e.g., Freedman
1988). However, over the past decade, even with more accu-
rate and sensitive detectors, with many new methods for
measuring distances, and with many individuals involved in
this e†ort, the full range of the most of distance moduli to
the LMC remains at approximately 18.1È18.7 mag (e.g.,
Westerlund 1997 ; Walker 1999 ; Freedman 2000a ; Gibson
2000), corresponding to a range of 42È55 kpc.

For the purposes of the present discussion, we can
compare our adopted LMC zero point with other published
values. We show in Figure 5 published LMC distance
moduli expressed as probability density distributions, pri-
marily for the period 1998È1999, as compiled by Gibson
(2000). Only the single most recent revision from a given
author and method is plotted. Each determination is rep-
resented by a Gaussian of unit area, with dispersions given
by the published errors. To facilitate viewing the individual
distributions (Fig. 5, light dotted lines), these have been
scaled up by a factor of 3. The thicker solid line shows the
cumulative distribution.

It is clear from the wide range of moduli compared to the
quoted internal errors in Figure 5 that systematic errors
a†ecting individual methods are still dominating the deter-
minations of LMC distances. Some of the values at either
end of the distribution have error bars that do not overlap

From Freedman 2001 et al. (HST Key Project)
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Intro Observational facts Model-building General relativity FLRW metric

Putting it all (almost) together 15
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Figure 4. Hubble diagram for the Union2.1 compilation. The solid linerepresents the best-fit cosmology for a flatΛCDM Universe for supernovae alone.
SN SCP06U4 falls outside the allowedx1 range and is excluded from the current analysis. When fit witha newer version of SALT2, this supernova passes the
cut and would be included, so we plot it on the Hubble diagram,but with a red triangle symbol.

Table 4
Assumed instrumental uncertainties for SNe in this paper.

Source Band Uncertainty Reference

HST WFPC2 0.02 Heyer et al. (2004)
ACS F850LP 0.01 Bohlin (2007)
ACS F775W 0.01
ACS F606W 0.01
ACS F850LP 94Å Bohlin (2007)
ACS F775W 57Å
ACS F606W 27Å
NICMOS J 0.024 Ripoche et. al. (in prep), Section 3.2.1
NICMOS H 0.06 de Jong et al. (2006)

SNLS g, r, i 0.01 Astier et al. (2006)
z 0.03

ESSENCE R, I 0.014 Wood-Vasey et al. (2007)
SDSS u 0.014 Kessler et al. (2009)

g, r, i 0.009
z 0.010

SCP: Amanullah et al. (2010) R, I 0.03 Amanullah et al. (2010)
J 0.02

Other U -band 0.04 Hicken et al. (2009a)
Other Band 0.02 Hicken et al. (2009a)

Image: Suzuki et al. 2011
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Cosmic microwave background: Penzias & Wilson

Image: NASA
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Precision CMB: COBE-FIRAS (Mather et al.)
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Data from Fixsen et al. 1996

Best Planck fit: T = 2.728 K

Range shown: spectrum ±3 σ

Data from Fixsen et al. 1996 via http://lambda.gsfc.nasa.gov
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Precision CMB: COBE-FIRAS (Mather et al.)
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Data from Fixsen et al. 1996

Best Planck fit: T = 2.728 K

Range shown: spectrum ±100 σ

Data from Fixsen et al. 1996 via http://lambda.gsfc.nasa.gov
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Precision CMB: COBE-FIRAS (Mather et al.)
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Data from Fixsen et al. 1996

Best Planck fit: T = 2.728 K

Range shown: spectrum ±500 σ

Data from Fixsen et al. 1996 via http://lambda.gsfc.nasa.gov
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CMB inhomogeneities

Image: ESA/Planck Collaboration
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CMB inhomogeneities: Power spectrum

– 100 –

Fig. 32.— The nine-year WMAP TT angular power spectrum. The WMAP data are in

black, with error bars, the best fit model is the red curve, and the smoothed binned cosmic

variance curve is the shaded region. The first three acoustic peaks are well-determined.

(A color version of this figure is available in the online journal.)

Fig. 32 in Bennett et al. 2013
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Matter content of the universe

• Stars: Easy to detect! (Extinction maps needed, though)

• Dust within our galaxy: IR observations

• Atomic hydrogen: 21 cm line, absorption lines

• Molecules: IR, radio

• Very distant warm plasma: Hard to detect!

More general mass measurements: Use gravitational probes (e.g.
satellite galaxies orbiting a galaxy) as tracers.
Virial measurements: Dispersion σ related to attracting mass by

σ2 ∼
GM
R
.

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Matter content: Overall density

Fig. 2 in Bahcall et al. 2000, arXiv:astro-ph/0002310

where Ω ≈ ρ/(10−26kg/m3)
Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Dark matter

Deviation from Kepler potential as generated by visible
contributions to mass (here van Albada et al. 1985):
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Dark matter

• no electromagnetic interaction, just gravitational

• first postulated by Fritz Zwicky to explain motion within galaxy
clusters (virial theorem)

• direct detection experiments: inconclusive and, currently, somewhat
contradictory

• WIMPs: particles based on supersymmetric extensions?⇒ LHC

• several sort-of-independent types of evidence:

• Galaxy rotation curves
• Dynamics of galaxy clusters
• Gravitational lensing (including Bullet cluster)
• Cosmological (later): Fluctuations in primordial plasma

• (or alternatively: modified dynamics, i.e. MOND?)

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Matter content of the universe

Ωm =

{
Ωb = 4.9%
Ωd = 26.8%

}
= 31.7%

Ωr = 0.005%

ΩΛ = 68.3%

Image credit: ESA/Planck Collaboration

Wobei Ωb = ordinary, baryonic matter (protons, neutrons, . . . )
Ωd = dark matter (no interaction with light)
ΩΛ = dark energy (whatever that is, but it accelerates the
expansion)

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Age determinations

Trivially, nothing in the universe can be older than the universe
itself.

(There was a time when that appeared to be a problem!)

First possibility: Radioactive dating. Some half-life values:

235U 7 · 108 a
232Th 1.4 · 1010 a

⇒ Heavy elements formed in the r-process (rapid addition of
neutrons) in core-collapse supernovae (some modelling involved!)

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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HE 1523-0903

Example for very old, metal-poor star (Frebel, Christlieb et al.
2007): U- and Th- dated to 13.2 Gyr!

No. 2, 2007 U INr-PROCESS–ENHANCED STAR HE 1523�0901 L119

Fig. 2.—Spectral region around the Uii line in HE 1523�0901 (filled circles) and CS 31082-001 (crosses; right panel only). Overplotted are synthetic spectra with
different U abundances of p none,�1.96,�2.06, and�2.16 (HE 1523�0901) and p none,�2.05,�2.15, and�2.25 (CS 31082-001). The dottedlog e(U) log e(U)
line in the left panel corresponds to a scaled solarr-process U abundance present in the star if no U had decayed. Positions of other features are indicated.

TABLE 1
Ages Derived from Different Abundance Ratios

X/Y alog (PR) Ref. loge(X/Y)obs

Age
(Gyr)

Uncertaintiesb

(Gyr)

Th/Eu . . . . . . �0.377 1 �0.58 9.5 3.3/3.4/0.6/0.6/5.6
�0.33 2 �0.58 11.7 3.3/3.3/0.5/0.5/5.6
�0.295 3 �0.58 13.3 3.3/3.0/0.2/0.2/5.6

Th/Os . . . . . . �1.15 2 �1.38 10.7 3.3/2.8/5.6/0.0/5.6
Th/Ir . . . . . . . �1.18 2 �1.44 12.1 3.3/1.9/2.8/1.4/5.6

�1.058 1 �1.44 17.8 3.3/2.0/2.9/1.5/5.6
U/Eu . . . . . . . �0.55 2 �1.44 13.2 1.9/0.6/0.4/0.2/1.6
U/Os . . . . . . . �1.37 2 �2.24 12.9 1.9/0.6/1.2/0.3/1.6
U/Ir . . . . . . . . �1.40 2 �2.30 13.3 1.9/0.3/0.3/0.7/1.6

�1.298 3 �2.30 14.8 1.9/0.3/0.3/0.8/1.6
U/Th . . . . . . . �0.301 4 �0.86 12.2 2.8/0.4/0.9/0.4/2.2

�0.29 5 �0.86 12.4 2.8/0.4/0.9/0.4/2.2
�0.256 3 �0.86 13.1 2.8/0.5/1.0/0.5/2.2
�0.243 6 �0.86 13.4 2.8/0.4/0.8/0.4/2.2
�0.22 2 �0.86 13.9 2.8/0.4/0.9/0.4/2.2

References.—(1) Sneden et al. 2003; (2) Schatz et al. 2002; (3) Cowan et
al. 2002; (4) Goriely & Arnould 2001; (5) Wanajo et al. 2002; (6) Dauphas 2005.

a Initial production ratio.
b Age uncertainties arising from uncertainties in observed measurements/

Teff / / /PR.log g vmicr

abundance analysis will be given elsewhere (A. Frebel et al.
2007, in preparation).

To test our derived abundances, we measured Thii l 4019
and the U features in the spectrum of CS 31082-001 that was
used by Hill et al. (2002). Figure 2 shows the U region for CS
31082-001 (crosses). Despite differences in the employed
model atmospheres, we obtain a ratio of�0.93log e(U/Th)
for CS 31082-001. This is in very good agreement with the
published value of�0.89, as derived from these two lines.

We estimate a fitting uncertainty of 0.05 dex for the Eu, Os,
Ir, and Th abundances. The U abundance is driven by the fit
of the Fe line close to the U line. Changing the C abundance
by �0.1 dex results in only a�0.02 dex different U abundance.
Changing the Fe abundance by�0.1 dex changes the U abun-
dance by�0.12. We adopt a 0.12 dex uncertainty for U.

5. NUCLEOCHRONOMETRY

There are three types of chronometers that involve the abun-
dances of Th, U, and naturally occurringr-process elements
(Cayrel et al. 2001). The subscript “initial” refers to the initial

production ratio (PR), while the subscript “now” refers to the
observed value:

1. ;Dt p 46.7[log (Th/r) � log e(Th/r) ]initial now

2. ;Dt p 14.8[log (U/r) � log e(U/r) ]initial now

3. .Dt p 21.8[log (U/Th) � log e(U/Th) ]initial now

Using several different chronometers and PRs, we derive a set
of ages for HE 1523�0901. The results are given in Table 1.
Where available, we list several PRs for each chronometer to
illustrate the available range and the subsequent spread in the
derived ages. We take the weighted average of all the individual
ages to derive a final age of 13.2 Gyr for HE 1523�0910.

Forming an average based on weights obtained from the
uncorrelated observational uncertainties is an arbitrary choice
that only minimizes the observational (statistical) uncertainties
but not necessarily the systematic uncertainties. Using different
weights, for example by omitting the Th/r ratios, would lead
to slightly larger observational, but smaller systematic, uncer-
tainties. A weighted observational uncertainty in the abundance
ratios arising from the fitting procedure results in an 0.7 Gyr
weighted uncertainty for the final age. This value is driven by
the uncertainty of the uranium abundance measurement.

We also investigate the influence of variations of model atmo-
sphere parameters ( , , ) on the stellar age. AddingT log g veff micr

these three age uncertainties in quadrature yields a 1.5 Gyr
weighted uncertainty in the final age. Any correlations of the
different chronometers are thus automatically taken into account.
To obtain an age uncertainty arising from the uncertainties in
the PRs, we calculate (with ,2jt p � (w jt )/ � w w p 1/ji i i i ii i

where is the age uncertainty from the different PRs andjt ji i

the one from the observational uncertainty) as an upper bound,
assuming the worst possible correlation(s) of the uncertainties
in the PRs. We thus derive a 2.7 Gyr weighted uncertainty in
the final age. For the calculation of the PR uncertainties, we
followed Schatz et al. (2002), who list overall systematic un-
certainties for all three types of chronometers. In Table 1, we
list the five age uncertainties for all chronometers.

Due to the much shorter half-life of U, uncertainties in ages
derived from chronometers U/r are significantly smaller than for
those derived from Th/r. Excluding the Th/r chronometers yields
a weighted average of 13.4 Gyr. The observational uncertainty
then becomes 0.8 Gyr, and the combined model atmosphere un-
certainty is 0.9 Gyr, while the PR uncertainty is much reduced to

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel



Intro Observational facts Model-building General relativity FLRW metric

Stellar ages

Model for stellar evolution:
stars move in the
Hertzsprung-Russell
diagram (color-magnitude
diagram) as they evolve.

Lifetime τ ∼ L−2/3, L ∼ M3

and τ ∼ T−1.

Oldest globular clusters
give 13.2 ± 2 Gyr
(Carretta et al. 2000).
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Red Giant
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Fig. 1. A color-magnitude diagram of a typical globular cluster, M15 [10]. The
vertical axis plots the magnitude (luminosity) of the stars in the V wavelength
region, with brighter stars having smaller magnitudes. The horizontal axis plots the
color (surface temperature) of the stars, with cooler stars towards the right. All of
the stars in a globular cluster have the same age and chemical composition. Their
location in the color-magnitude diagram is determined by their mass. Higher mass
stars have shorter lifetimes and evolve more quickly than low mass stars. The various
evolutionary sequence have been labeled. Most stars are on the main sequence (MS),
fusing hydrogen into helium in their cores (for clarity, only about 10% of the stars on
the MS have been plotted). Slighter higher mass stars have exhausted their supply
of hydrogen in the core, and are in the main sequence turn-off region (MSTO).
After the MSTO, the stars quickly expand, become brighter and are referred to as
red giant branch stars (RGB). These stars are burning hydrogen in a shell about a
helium core. Still higher mass stars have developed a helium core which is so hot
and dense that helium fusion is ignited. This evolutionary phase is referred to as
the horizontal branch (HB). Some stars on the horizontal branch are unstable to
radial pulsations. These radially pulsating variable stars are called RR Lyrae stars,
and are important distance indicators.

can be important in a star, one must have a theory of convection which deter-
mines when a region of a star is unstable to convective motions, and if so, the
efficiency of the resulting heat transport. Once all of the above information
has been determined a stellar model may be constructed. The evolution of a
star may be followed by computing a static stellar structure model, updating
the composition profile to reflect the changes due to nuclear reactions and/or
mixing due to convection, and then re-computing the stellar structure model.

There are a number of uncertainties associated with stellar evolution models,

4
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Other relevant observations

. . . more specialized, and directly in response to cosmological
models:

• Number counts by distance (to counter Steady State theory)

• Power spectrum of galaxy distribution by distance: Baryonic
Acoustic Oscillations

• Tolman’s surface brightness test (Lubin & Sandage 2001)

• SN light curve time dilation (Leibundgut et al. 1996)
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Cosmological model-building

Simplest cosmological models:
Homogeneous and isotropic universes

Alternative definition:
Copernican principle/Cosmological principle: We occupy no
special location in the universe.

Universe filled with a fluid, the “cosmic substrate” — at early times,
primordial plasma; at later times, with “galaxy dust”
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Overview of cosmological modelling

Homogeneous models

Early, hot universe

Inhomogeneities

General relativity
FLRW spacetimes

Thermodynamics/Statistics
Particle, nuclear, atomic ph.

Newtonian perturbations
Newtonian numerics
Raytracing

H0 kinematics
Ωm,ΩΛ,Ωb,Ωr dynamics

η baryon-photon ratio
inflaton properties

power spectrum
scalar vs. tensor
reionization time
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General relativity (1915)

• Einstein’s theory linking gravity with space-time geometry

• Connection made by Einstein (field) equations

• generalization of special relativity

• geometry in general non-Euclidean (curved)

• basic descriptor of space-time geometry: metric

• sources of gravity: mass, energy, pressure

For cosmology:
We need to understand space-time geometry (necessary to
understand light propagation, horizons, age of universe, distances)
We will take as given what gr says about the dynamics of
homogeneous/isotropic universes
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General relativity vs. curved surfaces

4D space-time ⇔ 2D (curved) surface

Particle worldline ⇔ curve on surface

Free-fall worldline ⇔ straightest-possible lines on sur-
face (geodesics)

Equivalence principle: in free fall,
physics = special relativity

⇔ on infinitesimal scales, curved
surface looks flat

deviation from flatness: curvature
tensor(s)

⇔ deviation from plane: curvature
radii

Geometry is encoded in a mathematical object: the metric.
We need to know how to interpret a metric!
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A simple curved surface: the sphere

[more info on the blackboard]
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Introducing general coordinates

The three-fold use of coordinates:

• Labels to identify points

• Encode closeness (topological space)

• Encode distances (space with metric, e.g.
l =

√
(x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2)

As we generalize from simple, Euclidean space, we will have to
look at these roles in turn!
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Intro Observational facts Model-building General relativity FLRW metric

Coordinates on a wavy surface
Let’s begin in two dimensions: with a smooth, but wavy, hilly surface
(“Buckelpiste”):

Image: Andreas Hallerbach under CC-BY-NC-ND 2.0
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Coordinates on a wavy surface

Even better: Imagine that the surface is pure, smooth rock.

Now, put coordinate lines on it. (Purpose, for a start: Identifying
different points.)

The lines are going to be curvy and wavy.
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Coordinates on a wavy surface

y=96

x=32 x=64x=0x=−32x=−64x=−96x=−128

y=32

y=0

y=64
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Coordinates on a wavy surface

x= 0

y= 32

y= 48

x= 32

x= 48

x= 16

y= 16

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Coordinates on a wavy surface

x= 28

y=20

x= 40

x= 32

y=16

x= 36
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Coordinates on a wavy surface

x=33

y=16

x=32

y=17

This if fairly simple - a parallelogram!
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Coordinates on a wavy surface

a

y=16

x=32

y=17

x=33

bα

Assume an isometric view (straight down onto the plane): read off
3 parameters!
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Coordinates on a wavy surface

y=16

x=32

y=17

x=33

P∆y

x∆

What’s the length of the blue line between (32, 16) and P?
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Coordinates on a wavy surface

y=16

x=32

y=17

x=33

P∆y

x∆

~P = (b ∆y)~uy + (a ∆x)~ux where ~ux · ~uy = cosα means that

|~P|2 = a2 ∆x2 + 2ab cosα∆x∆y + b2 ∆y2.

With this modification, our coordinates can be used to measure
lengths!
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Defining the metric 1/2

|~P|2 = a2 ∆x2 + 2ab cosα∆x∆y + b2 ∆y2.

This was really an infinitesimal argument (lengths in the
neighbourhood of P):

ds2 = a2 dx2 + 2ab cosα dxdy + b2 dy2.

The coefficients will vary from location to location:

ds2 = a(x, y)2 dx2 + 2a(x, y)b(x, y) cos[α(x, y)] dxdy + b(x, y)2 dy2.

If we know all the coefficients, we can reconstruct the geometry of
the whole surface (except for embedding properties): The
coefficients, all taken together, form the metric

Introduction, General Relativity, FLRW SpacetimeSimon Glover & Markus Pössel
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Defining the metric 2/2

Metric (working definition): A set of (position-dependent)
coefficients that allow one to compute lengths from infinitesimal
coordinate differences.

2D example:

ds2 = a2 dx2 + 2ab cosα dxdy + b2 dy2

= (dx, dy)
(

a ab cosα
ab cosα b

) (
dx
dy

)
The metric can be written as a symmetric matrix, or a quadratic
form. Taking coordinate transformations into account, it behaves
like what is called a (symmetric, second-rank) tensor.
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Writing the metric

Usual symbol for the metric: g

Line-element notation in D dimensions:

ds2 =

D∑
i,j=1

gij(x)dxidxj

with gij the metric coefficients.

In our simple example: g11 = a, g12 = g21 = ab cosα, g22 = b.
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Examples for metrics: Euclidean

Cartesian coordinates in 3D Euclidean space

Pythagoras says:

ds2 = dx2 + dy2 + dz2.
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Examples for metrics: Spherical

Spherical coordinates in Euclidean space:

x = r sin(θ) cos(φ)

y = r sin(θ) sin(φ)

z = r cos(θ)
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Examples for metrics: Spherical

dx = dr sin(θ) cos(φ) + r(cos(θ) dθ cos(φ) − sin(θ) sin(φ) dφ)

dy = dr sin(θ) sin(φ) + r(cos(θ) dθ sin(φ) + sin(θ) cos(φ) dφ)

dz = dr cos(θ) − r sin(θ) dθ.

Line element is:

ds2 = dx2 + dy2 + dz2 = dr2 + r2(dθ2 + sin2(θ)dφ2).

Tricky: visual inspection of metric doesn’t tell you: unusual
coordinates or curved surface?
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Examples for metrics: Embedded spherical surface

Line element is:

ds2 = dx2 + dy2 + dz2 = dr2 + r2(dθ2 + sin2(θ)dφ2).

Restrict to dr = 0 — use θ, φ as coordinates on the surface (think:
latitude, longitude). This gives (induced) metric on the surface of a
sphere:

ds2 = r2(dθ2 + sin2(θ)dφ2).

with some r =const. the radius of the sphere — which can be used
to calculate arc lengths etc.!
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Special relativity: Minkowski metric

One can define a metric in special relativity, but it doesn’t look like
the ones we’ve encountered. This is the Minkowski metric:

ds2 = −c2dτ2 = d~x2 − c2dt2.

This is invariant under Lorentz transformations!

But what does it mean?
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The meaning of the SR metric

−1
x [Ls = 300000 km]

0,97 s 
0,88 s 

0,71 s 

0,42 s 

0,42 Ls = 125000 km

0,71 Ls = 212000 km

0,88 Ls = 262000 km

0,97 Ls = 291000 km

0 1

1

t [s]

ds2 = −c2dτ2 = d~x2 − c2dt2.
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The meaning of the SR metric

ds2 = −c2dτ2 = d~x2 − c2dt2.

−1
x [Ls = 300000 km]

0,97 s 
0,88 s 

0,71 s 

0,42 s 

0,42 Ls = 125000 km

0,71 Ls = 212000 km

0,88 Ls = 262000 km

0,97 Ls = 291000 km

0 1

1

t [s]

• timelike, ds2 < 0: possible worldlines of (m > 0) particles

• lightlike, ds2 = 0: light-cone

• spacelike, ds2 > 0: possible spatial distance
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Preparation for large-scale cosmic geometry

Natural coordinates for a homogeneous universe: 3D space is
homogeneous, as well.
Rigorous route: Killing vectors & form invariance, cf. sec. 13 in
Weinberg (1972)

Simpler question: What can we think of?

• Euclidean 3D space

• Embeddings, as in our derivation of the metric of the 2D spherical
surface
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Choice of spatial metric: Euclidean

Euclidean space:

ds2 = dx2 + dy2 + dz2 ≡ d~x2.

ds2 = (dx, dy, dz) ·

 dx
dy
dz

 = d~xT · d~x

. . . this is invariant under translations, since d(~x +~a) = d~x and under
rotation, since ~x 7→ M~x with M ∈ SO(3) means

d(M~x)T · d(M~x) = d~xT ·MT ·M · d~x = d~xT · d~x.
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Choice of spatial metric: Spherical

What other homogeneous, isotropic spaces are there?

Think spherical; a spherical surface Sn−1 embedded in Rn is
defined as the union of all points with n-dimensional coordinates xi

where

n∑
i=1

x2
i = R2

with R the radius of the sphere. Two-sphere S2: ordinary spherical
surface in space.

At least locally: Use n − 1 of the coordinates as coordinates on the
surface, ~x; one coordinate as embedding coordinate, ξ, then

ds2 = d~x2 + dξ2 where ξ2 + ~x2 = R2.
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Choice of spatial metric: Spherical

ds2 = d~x2 + dξ2 where ξ2 + ~x2 = R2

is invariant under rotations M ∈ SO(4), which include homogeneity
(any point can be rotated into any other point) and isotropy (any
tangent vector can be rotated in any direction).

Easiest to see for S2 ∈ R3 : For each point P, one rotation (through
embedding centerpoint and P) that will rotate space around P
(isotropy), and two rotations that will shift the point into any given
other point (homogeneity).
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Intro Observational facts Model-building General relativity FLRW metric

Choice of spatial metric: Hyperbolical

ds2 = d~x2 − dξ2 where ξ2 − ~x2 = R2.

Higher-dimensional analogue of a saddle; invariant under
R ∈ SO(3, 1).

This is the Lorentz group: SO(3) rotations (isotropy around each
given point) and 3 Lorentz boosts that take the point into an
arbitrary other point (homogeneity).
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Intro Observational facts Model-building General relativity FLRW metric

Unifying the spherical and hyperbolical spaces

Rescale ~x 7→ ~x/R and ξ 7→ ξ/R:

ds2 = R2
[
d~x2 ± dξ2

]
where ξ2 ± ~x2 = 1.

From the constraint equation,

d(ξ2 ± ~x2) = 0 = 2(ξdξ ± ~x · dx)

relates the differentials. Substitute in metric to get unconstrained
version:

ds2 = R2
[
d~x2 ±

(~x · d~x)2

1 ∓ ~x2 .

]
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Unifying the spherical and hyperbolical spaces

Introduce parameter K = +1, 0,−1 to write all three metrics in the
same form:

ds2 = R2
[
d~x2 + K

(~x · d~x)2

1 − K~x2

]
where

K =


+1 spherical space

0 Euclidean space
−1 hyperbolical space
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Spherical coordinates in space

Recall our spherical coordinates r, θ, φ related to the Cartesian
ones as

x = r · sin θ · cos φ

y = r · sin θ · sin φ

z = r · cos θ

We saw that

d~x2 = dr2 + r2(dθ2 + sin2 θ dφ2) ≡ dr2 + r2dΩ.

Also, ~x2 = r2 and ~x · dx = rdr.
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Spherical coordinates

Re-write the metric accordingly:

ds2 = R2
(

dr2

1 − Kr2 + r2dΩ

)
.

Evidently, R sets the overall length scale.

This is nice and simple!
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Spherical coordinates

Another re-write of the metric: define

r =


sin(ζ) for K = +1
ζ for K = 0
sinh(ζ) for K = −1

ds2 = R2

dζ2 +


sin2(ζ)
ζ2

sinh2(ζ)

 dΩ

 .
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A caveat: global vs. local

The metric

ds2 =
dr2

1 − Kr2 + r2dΩ.

describes space locally.

Globally, there is topology to consider
— e.g. a flat metric can belong to
infinite Euclidean space, but also, say,
to a torus (a patch of Euclidean space
with certain identifications).

⇒ Later on, we will learn of a possibility how a finite universe might
be identified (cosmic background radiation)
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A caveat: global vs. local

• K = 0: 18 topologically different forms of space. Some inifinite,
some finite.

• K = +1: inifinitely many topologically different forms. All are finite.

• K = −1: infinitely many topologically different forms of space. Some
inifinite, some finite.
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Einstein Equations 1/3

Gµν + Λgµν =
8πG
c4 Tµν

General: µ, ν can take on values 0, 1, 2, 3 for the time direction 0
and space directions 1, 2, 3.

LHS: Gµν is a combination of second derivatives of the metric
coefficients w.r.t. coordinates – embodies a special form of
curvature, that is, deviation from flat Minkowski space. gµν are
metric coefficients, Λ is called the cosmological constant.

RHS: Source term. In suitable coordinates, for a homogeneous
configuration, the tensor (matrix) Tµν is the energy-momentum
tensor (also called stress-energy tensor).
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Einstein Equations 2/3

Famous shorthand by John Wheeler: Matter tells space-time how
to curve; space-time tells matter how to move.

Gµν + Λgµν =
8πG
c4 Tµν

Gµν encodes deviation of free-fall movements from flat space-time:
tidal gravitational forces. Tµν encodes information about energy,
momentum, pressure, shears etc. associated with the matter. Λ is
a constant associated with the space-time in question.
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Einstein Equations 3/3

For an ideal fluid (no shear, just pressure) and in suitable
(co-moving) coordinates:

Tµν = diag(ρ, p/c2, p/c2, p/c2)

with density (includes energy!) ρ and pressure p. Can be used to

re-write Einstein’s equations as

Gµν =
8πG
c4 Tµν

with new contribution to Tµν of

ρΛ =
Λc4

8πG
= −pΛ/c2

— special form of “energy content”: dark energy.
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Relativistic model-building

Coupled system of Einstein’s equations and equation of state
(specifying the properties of matter):

• General solutions: very messy⇒ numerical relativity

• Exact solutions: simple models with symmetry

• Approximation (perturbation theory): e.g. gravitational waves

Each solution of general relativity is automatically a model
universe!
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What we will need for cosmology

• We must find a metric to describe our cosmological model

• Use gr-freedom of choosing coordinates to choose practical
coordinates

• Properties of metric are related to matter content
(“energy-momentum tensor”) by Einstein’s equations

• Free-particle movement in that model: geodesics

• Light propagation in that model: null geodesics ds2 = 0
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Exact solutions

Exact solutions are, by necessity simple model situations.
Assumption: symmetries!

• Minkowski spacetime (empty)

• Schwarzschild solution (empty w/boundary: black hole)

• Kerr solution (rotating body: rotating bh, gravitomagnetism)

• Friedmann-Lemaı̂tre-Robertson-Walker (cosmology, what we’ll
study now – homogeneous and isotropic)
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Simple cosmological space-times

Simplest cosmological models:

• Homogeneous and isotropic universes

• Cosmic substrate: “Galaxy dust”, constant (average) density

• There aren’t that many way a homogeneous universe can change
while remaining homogeneous!

• Change that preserves homogeneity/isotropy: ρ→ ρ(t), density can
change with time
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Changing densities

Changing the density while preserving particle number (simplest
model; mass tied to particles): Over time, particles are spread out
over an ever larger (ρ̇ < 0) or ever smaller (ρ̇ > 0) volume:

Pattern (relative distances) the same — overall scale changes!
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Introducing the scale factor

Pattern (relative distances) the same — overall scale changes: All
distances between particles change proportional to the same
cosmic scale factor a(t),

dij(t) =
a(t)
a(tR)

· dij(tR),

for tR a specific moment in time chosen as reference (in
cosmology: usually t0, the present time).
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The spatial metric

We can describe the pattern of particles by specifying their
positions at any fixed time; distance ratios will remain the same as
the scale factor changes.

Choose Cartesian system x, y, z at some reference time tR. Give
each galaxy-particle i the fixed position defined by x, y, z in that
system (co-moving coordinates).

Obviously, the unchanging coordinate values cannot reflect the fact
that the particles are spreading out (or drawing closer together).
Let the metric handle that:

(ds2)space = a(t)2(dx2 + dy2 + dz2).
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A more general spatial metric

We’ve seen more general homogeneous metrics (K = −1, 0,+1).
Robertson (1935, 1936) & Walker (1937) showed these are the
only possible spatial metrics for a homomgeneous space-time.
Generalizing, we choose

(ds2)space = a(t)2
(

dr2

1 − Kr2 + r2dΩ

)
,

with
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Cosmic time and FLRW metric

How to choose time coordinate? Natural for given symmetry:
Proper time of each galaxy particle in the cosmic substrate.
Simultaneity chosen so that density is indeed constant. Result:

ds2 = −c2dt2 + a(t)2
[

dr2

1 − Kr2 + r2dΩ

]
= −c2dτ2.

with dΩ ≡ dθ2 + sin2 θ dφ2.

This is the Friedmann-Robertson-Walker-Metric — unique
description for homogeneous and isotropic spaces.
(GR also shows: r, θ, φ =const. is free motion — the galaxies of the
substrate stay where they are.)
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